Using molecular dynamics simulation, we investigate the slow dynamics of a supercooled binary mixture of soft particles interacting with a generalized Hertzian potential. At low density, it displays typical slow dynamics near its glass transition temperature. At higher densities, particles bond together, forming clusters, and the clusters undergo the glass transition. The number of particles in a cluster increases one by one as the density increases. We demonstrate that there exist the multiple cluster-glass phases characterized by a different number of particles per cluster, each of which is separated by distinct minima. Surprisingly, a so-called higher order singularity of the modecoupling theory signaled by a logarithmic relaxation is observed in the vicinity of the boundaries between monomer and cluster glass phases. The system also exhibits rich and anomalous dynamics in the cluster glass phases, such as the decoupling of the self-and collective dynamics. , ifṽ(k) is positive definite, which is referred to as the Q + class, the system undergoes a reentrant transition, i.e., the fluid-crystalline phase boundary in the temperature-density plane has a maximal peak, so that the once crystallized solid melts again as the density increases [4, 5]. On the other hand, ifṽ(k) is negative at finite wave vectors, which is called the Q ± class [3], the reentrant melting at high density disappears and instead the particles bond together and form a cluster crystal, where each lattice site is occupied by several overlapped particles. Since the first sign of such coagulation has been reported in a numerical simulation [6], the existence of cluster crystal phases has been demonstrated unambiguously for model ultrasoft potential systems [3,[7][8][9] [10] [11] [12] . Most of the studies focused on the generalized exponential model (GEM), defined by v(r) = exp [−(r/σ) n ] with n > 2, where and σ set the energy and length scales [7, 8, 10, 11] . Similar cluster crystals were also found for more realistic systems [13] [14] [15] and even for the quantum supersolids [16, 17] .
Using molecular dynamics simulation, we investigate the slow dynamics of a supercooled binary mixture of soft particles interacting with a generalized Hertzian potential. At low density, it displays typical slow dynamics near its glass transition temperature. At higher densities, particles bond together, forming clusters, and the clusters undergo the glass transition. The number of particles in a cluster increases one by one as the density increases. We demonstrate that there exist the multiple cluster-glass phases characterized by a different number of particles per cluster, each of which is separated by distinct minima. Surprisingly, a so-called higher order singularity of the modecoupling theory signaled by a logarithmic relaxation is observed in the vicinity of the boundaries between monomer and cluster glass phases. The system also exhibits rich and anomalous dynamics in the cluster glass phases, such as the decoupling of the self-and collective dynamics.
PACS numbers: 64.70.kj,63.50.Lm,64.70.QUltrasoft potential systems have attracted special attention in the soft matter community in the last two decades [1, 2] . The ultrasoft potentials are pairwise isotropic and repulsive interactions whose value remains finite even if the particles fully overlap each other. Typical examples include the Gaussian, harmonic, and Hertzian potentials. Systems with such potentials exhibit counterintuitive thermodynamic behaviors depending on the shape of the Fourier spectrumṽ(k) of the potential v(r). According to a criteria proposed by Likos et al. [3] , ifṽ(k) is positive definite, which is referred to as the Q + class, the system undergoes a reentrant transition, i.e., the fluid-crystalline phase boundary in the temperature-density plane has a maximal peak, so that the once crystallized solid melts again as the density increases [4, 5] . On the other hand, ifṽ(k) is negative at finite wave vectors, which is called the Q ± class [3] , the reentrant melting at high density disappears and instead the particles bond together and form a cluster crystal, where each lattice site is occupied by several overlapped particles. Since the first sign of such coagulation has been reported in a numerical simulation [6] , the existence of cluster crystal phases has been demonstrated unambiguously for model ultrasoft potential systems [3, [7] [8] [9] [10] [11] [12] . Most of the studies focused on the generalized exponential model (GEM), defined by v(r) = exp [−(r/σ) n ] with n > 2, where and σ set the energy and length scales [7, 8, 10, 11] . Similar cluster crystals were also found for more realistic systems [13] [14] [15] and even for the quantum supersolids [16, 17] .
The glass transition of ultrasoft potential fluids was also studied [18] [19] [20] . The reentrant behavior of glass phase diagrams has been reported for the Q + class fluids such as the Gaussian [19] , harmonic, and the Hertzian potential systems [18, 21, 22] . On the other hand, for the Q ± class systems, the cluster glasses were found in a binary mixture of the GEM fluid at high density [20] .
In this Letter, we numerically study ultrasoft particles interacting with the generalized Hertzian potential (GHP) defined by
and v(r) = 0 for r > σ. This model has been studied extensively for α = 2 (harmonic) and α = 5/2 (Hertzian) in the context of both glass and jamming transitions [18, 21, 22] . They belong to the Q + class, becausẽ v(k) > 0. If α < 2,ṽ(k) becomes negative at finite wave vectors and thus it falls in the Q ± class [23] . Recently, thermodynamic properties of a two dimensional monatomic GHP model have been studied and it was found that, instead of the clusters of multiply overlapping particles on the lattice sites, the system displays varieties of crystalline structures, such as anisotropic lanes, honeycomb lattices, and even the kagome lattices, followed by a cascade of more complex superlattice phases at higher densities [12] . It is surprising that a deceptively simple model exhibits such exotic ground states, although their existence is not theoretically excluded in the Q ± class fluids. The next natural question is whether the dynamics, especially the glassy slow dynamics, of the GHP fluid is as anomalous as its thermodynamic properties.
For this goal, we perform the molecular dynamics (MD) simulation for the 50:50 binary mixture of large (L) and small (S) particles with the same mass, m, interacting with the GHP in three dimensions. In Eq. (1), we define the length scale σ as σ ab = (σ a + σ b )/2, where σ a is the particle diameter of the a (= L, S) component. We set σ S , m, 10 −4 /k B (k B is the Boltzmann constant), mσ 2 S / , as the units of the length, mass, temperature, and time, respectively. We mainly study the system of N = 1000 particles. We checked that the system size effect is small. Simulations were performed in the N V E ensemble with the velocity Verlet algorithm with periodic boundary conditions. We use the temperature T and the number density ρ as the control parameters. We run simulations for α = 3/2, 1.7, 2, and 5/2 for a wide range of density between 0.5 ≤ ρ ≤ 3. We present mainly the results for α = 3/2. We first run several MD simulations of the monatomic system, i.e., σ S = σ L , with α = 3/2 to check whether there exists any exotic crystalline phase which may underlie an exotic glass transition of the binary counterpart. Only the non-fcc/bcc crystalline phase which we found up to the largest density (ρ = 3) was the hexagonal crystal, i.e., stringlike columns aligned in the hexagonal lattice, as shown in Fig. 1(a) . This indicates that there exists no cluster crystal phases in this density window, although more elaborate analysis using thermodynamic integration would be necessary to determine the accurate phase diagram [5] .
We now turn to the binary mixture and analyze its structural and dynamical properties. The size ratio of the particles, σ L /σ S , is set to 1.4 in order to avoid crystallization. We determine the glass phase diagram from the relaxation time τ of the collective density correlation functions defined by
where ρ a (k, t) is the collective density fluctuation of the a (= L, S) component. We define τ by Φ a (k, τ ) = 0.1 at the wave vectors k ≈ 2π/σ a corresponding to the nearest neighbor peak of the corresponding static structure factor. For a fixed density between 0.5 ρ 3, we search for the temperature at which Φ a (k, t) develops glassy slow dynamics. We define the glass transition point T g as the temperature at which τ of Φ L (k, t) reaches 10 3 . Figure 2 shows the iso-τ line, or the glass transition line T g (ρ), for several α's. T g determined by standard methods, such as the AdamGibbs extrapolation, lies parallel but slightly below this line. For α ≥ 1.7, the systems crystallized at high densities, so that the glass lines terminate there as shown in Fig. 2 . For α = 5/2, T g (ρ) shows reentrant behavior and almost matches with the result for a polydisperse system [18] , implying that the result is insensitive to the size dispersity of particles. The overall shape of T g (ρ), including the position of the reentrant peak, is quite similar to the fluid-crystal binodal line for the monatomic system, although the latter lies at higher temperatures [5] . As α decreases, T g (ρ) tends to increase and the reentrance behavior is suppressed. For α = 3/2, the reentrant behavior at high density disappears and T g (ρ) develops several cusplike minima observed at ρ ≈ 1.1, 1.8, and 2.5. The observed minima are a clear sign that the system forms a new class of glasses. Inspecting the system near the glass line by eye, we find that all particles remain monomers below the first minimum ρ 1.1, but for ρ 1.1 the large particles bond together forming dimer-shaped clusters, as shown in the snapshot of Fig. 1(b) .
We investigate the static properties of the observed cluster glass. Hereafter we focus on the system with α = 3/2. In Figs [g SS (r)] at T g (ρ) for several densities are shown. At low density, ρ = 0.675, both functions show typical behaviors of monatomic fluids characterized by sharp nearest neighbor peaks at r ≈ σ a (a = L, S). As the density increases, the anomaly first appears in g LL (r) [ Fig. 3(a) ]: the nearest neighbor peak broadens and its height lowered, while the peak position shifts slightly to smaller r. At ρ ≈ 1.1, where the first minimum is observed in T g (ρ) (Fig. 2) , the extra peak at r ≈ 0.4 appears and its height continuously grows as ρ increases. This peak signals the cluster formation and its position matches with the bond length of the dimers shown in Fig. 1(b) . The fact that the cluster peak is located at a distance less than σ L /2 and it is well separated from the nearest neighbor peak by a deep minimum of g LL (r) implies that the neighboring clusters are not connected to each other. This should be contrasted with similar peaks observed for the nonclustering GHP systems with α ≥ 2, which is caused by the interpenetration of particles as they are squashed by very high pressures [21] . Likewise, the cluster peak appears for small particles in g SS (r) but at higher densities, ρ = 1.9 [ Fig. 3(b) ], close to the second minimum, ρ ≈ 1.8, of T g (ρ). g SL (r) does not exhibit any cluster peak for all densities (not shown), meaning that the particles cluster only among the same components. Similar behavior was observed in a binary mixture of the GEM [20] . The shape of the cluster is, however, distinct from that of the GEM for which the particles completely sit on top of each other so that the peak of g(r) grows steeply at r = 0, whereas for the GHP fluids, the distance between bonded particles remains finite. We also calculate the average number of particles per cluster for the large (n L ) and small (n S ) components at T g (ρ), by counting the number of adjacent particles located at r 0.6σ a (a =L, S) for each particle. These cutoff lengths correspond to the position of the deep minima of g LL (r) and g SS (r) of Figs. 3(a) and 3(b), respectively. Figure 3 (c) clearly demonstrates that the large particles undergo the clustering transition from monomers to dimers at the first minimum of T g (ρ), where n L steeply increases by 1, followed by a stepwise increase at the second and third minima of the glass line, up to n L ≈ 4 at the highest density. On the other hand, clustering of the small particles sets in at the second minima at ρ ≈ 1.8 and n S also increases one by one in unison with n L , although the increases are more gradual. We found that particles start clustering well above T g (ρ) before the slow dynamics sets in but the distribution of the particle number per cluster is broader than that at T g (ρ). The observed semiquantized increase of n L,S is reminiscent of the first order transition observed for the cluster crystals of the GEM [10] . This fact may suggest the existence of a liquid-liquid phase transition between cluster phases with different particle numbers at lower temperatures.
Next we carefully inspect how the slow dynamics near the glass line is affected by the cluster formation. In  Fig. 4 , the collective density correlation functions are plotted for selected densities and several temperatures. Well below the clustering density, the correlation functions for both the large and small components show the two-step relaxation characterized by a well-developed plateau followed by the stretched exponential relaxation [ Fig. 4(a) ]. The self part of the correlation functions Φ s,S (k, t) and Φ s,L (k, t) show qualitatively similar behavior with their collective counterparts (not shown). We also checked that the time-temperature superposition holds, as expected from the mode-coupling theory (MCT) and observed for standard glass formers [24] . Surprisingly, at ρ ≈ 1.1 where the large particles start clustering, the plateau of Φ L (k, t) disappears and the relaxation becomes logarithmic, whereas Φ S (k, t) remains two-step shaped, as shown in Fig. 4(b) . This peculiar relaxation is observed in the range of 1 ρ 1.2. The self parts of the correlation functions, Φ s,L (k, t) and Φ s,S (k, t), show qualitatively the same behavior as their respective collective counterparts. The logarithmic relaxation has been observed both in simulations and experiments in many glassy systems, including the short-ranged attractive colloids [25] [26] [27] [28] [29] , star polymers [30, 31] , square-shoulder potential fluids [32, 33] , binary mixtures with disparate par- ticle size ratio [34] , and even in proteins [35] . It was originally predicted theoretically by MCT as the signature of the so-called higher order (A 3 or A 4 ) dynamical singularity and it is known to take place when the two or more glass transitions compete [36] . We verify that the observed behavior of Φ L (k, t) is genuinely due to the higher order singularity by fitting the data with the MCT asymptotic function
where f k , H
k , and H (2) k are the critical nonergodicity parameter, and the critical amplitudes of the first and second orders, respectively [24, 36] . In Fig. 4(f) , we plot the rescaled density correlation function,
k . The data demonstrate a concave-toconvex crossover across the wave vector at which H (2) k = 0, where Φ L (k, t) is purely logarithmic [23] . Besides, the k dependence of H (1) k is self-similar for different T 's and its amplitude decreases moderately as T is lowered. The amplitude of H (2) k is considerably smaller than that of H (1) k [23] . These features are consistent with the MCT prediction and comparable to those of better understood model fluids [28, 33] . Therefore, we conclude that there exists a higher order singular point in the vicinity of the first minimum of the glass line at ρ ≈ 1.1. It is natural to speculate that the two glass transition lines of monomer and cluster glasses intersecting at ρ ≈ 1.1 terminate in the vicinity of but below T g (ρ) as is the case for the attractive and square-shoulder potential fluids [28, 33] . We emphasize that the mechanism behind the singularity in our study is not the same as those observed for binary mixtures with disparate size ratio in which the smaller particles show the logarithmic relaxation [34] . Contrarily, the singular dynamics is observed only for the large particles that undergo the cluster transition, while the relaxation of the smaller particles remains two-step shaped. Also, note that the singular dynamics is observed at the wave vectors around the nearest neighbor peak position k ≈ 2π/σ L , implying that the length scales at play are much longer than those for attractive glass models for which the singular dynamics is observed at much larger k's [28, 33] .
As the density increases above ρ ≈ 1.1, we find that Φ L (k, t) gradually retrieves the two-step relaxation as shown in Fig. 4(c) . Interestingly, the amplitude and shape of f k remain qualitatively similar with those of the monomer glass, in contrast with other studied systems such as the attractive colloid glasses [23, 28, 33] . As the density reaches the second minimum of T g (ρ) at ρ ≈ 1.8, where the small particles also start forming clusters, the higher order singularity associated with the glass-glass transition is observed again, but only for the small particles, Φ S (k, t) [ Fig. 4(d) ]. Φ L (k, t) stays showing two-step relaxation. For larger densities, ρ > 1.8, the two-step relaxation is recovered for Φ S (k, t) [ Fig. 4(e) ]. The result reaffirms that the logarithmic singularity is associated with the transition from the monomer to cluster glass phases. At the third minimum at ρ ≈ 2.5, where the cluster size increases further, both Φ L (k, t) and Φ S (k, t) do not display logarithmic relaxation clearly. This observation hints that the higher order singularities exist only in the vicinities of the boundaries of monomer and dimer glass phases.
So far, we have discussed about dynamics of only the collective part of the density correlation functions. It is known that dynamical behavior of the self part is qualitatively the same as the collective counterparts for many standard glass models [24] . This is also the case for the GHP fluids at the low density regime below ρ ≈ 1.8, where the second cluster-glass transition takes place. The relaxation curves of both Φ s,L (k, t) and Φ s,S (k, t) are similar to Φ L (k, t) and Φ S (k, t), respectively, as discussed above. At ρ 1.8, however, dynamics of the self part becomes more complicated and decoupled from the collective parts. First, not only Φ s,S (k, t) but Φ s,L (k, t) also demonstrates the logarithmic relaxation when only the small particles undergo the monomer-cluster glass transition [see Fig. S4 (a) in the Supplemental Material [23] ]. Second, the relaxation of Φ s,S (k, t) is systematically facilitated and decouples from the collective parts as the density increases, whereas Φ s,L (k, t) retrieves the twostep relaxation [see Fig. S4 (b) in the Supplemental Material [23] ]. The latter is reminiscent of the dynamical anomaly observed in the binary mixture of the particles with disparate size ratio [34] . In this density region, we observed a trace of particles hopping from a cluster to adjacent clusters. We speculate that the observed decoupling of dynamics of the large and small particles as well as dynamics of the self-and collective correlation functions is attributed to both this rare hopping event and the size disparities of the clusters.
In summary, we reported a new type of the multiple glass transitions of the cluster forming fluids of the generalized Hertzian potential (GHP). The transition from one glass phase to another is signaled by deep minima of T g (ρ) and concomitant semiquantized increase of the cluster size. This suggests the possible existence of the liquid-liquid phase transition between different cluster fluid phases at lower temperatures. The most striking finding is the higher order dynamical singularity at the glass-glass phase boundary. This is characterized by the logarithmic relaxation of the correlation function which has been originally predicted by the mode-coupling theory and observed in many glass models [28, 33] . So far the liquid-liquid phase transitions have been observed mostly in the model fluids with the anisotropy or the two length scales built in their potentials [37, 38] . The GHP or the ultra-soft potential fluids in general, whose potentials are isotropic and purely repulsive, are the ideally simple and novel systems which not only help our understanding of the glass transition problem at a fandamental level but also may shed a new light on the study of liquid polyamorphism. We show the Fourier transformation,ṽ(k), of the generalized Hertzian potential given by
(S-1)
In Fig. S1 , the results for for α = 1.5, 1.7, 1.9, 2.0, and 2.5 are plotted. We find thatṽ(k) is positive definite for α ≥ 2, but for α < 2,ṽ(k) becomes negative for finite k's. Exceptionally at α = 2,ṽ(k) can be written analytically asṽ
which is always positive. Figure S1 shows thatṽ(k) for the generalized Herzian potential is an oscillating function even for α ≥ 2. For α < 2, the smallest wavevector at whichṽ(k) becomes negative shifts to a smaller value and the amplitude of the negative dips increases as α decreases. 
FITS OF THE DENSITY CORRELATION FUNCTIONS BY THE LOGARITHMIC LAW
The collective density correlation function for the large particles, Φ L (k, t), at the density ρ 1.1 exhibits the logarithmic decay as shown in Fig. 2(b) in the main text. Following the previous works [1, 2] , we fit the data with the polynomials of ln t given by
where
k , and H (2) k are the fit parameters. These fit parameters obtained for ρ = 1.1 are plotted as functions of k in Fig. S2(a)-(c) . We determined t 0 in such a way that f k=6.0 ≈ 0.7. f k 's for different temperatures collapse on a single function as shown in Fig. S2(a) . In Figure S2(b) , we plot H posed as H
. This is consistent with the prediction of MCT which claims that B(T ) is independent of k [3, 4] . We find that B(T ) is a moderately decreasing function of the temperature. The parameter H (2) k is shown in Fig. S2(c) . We find that H (2) k is negative for small k and positive for large k. H (2) k vanishes at k 6 which is close to the first peak of the static structure factor for the large particles. Therefore,
k is plotted as a function of ln t, the function shows the concave-to-convex transition as k increases. Furthermore, the amplitude of H (2) k is much smaller than H (1) k . This observation is consistent with MCT according to which B(t) (and thus H is the order of ε [3, 4] . These results are also comparable to the results of the previous studies for the short-range attractive and square-shoulder potential fluids, except for the fact that the logarithmic decay is observed at much shorter wavevectors as we discussed in the main text [1] [2] [3] [5] [6] [7] [8] .
In order to see how the glass properties change as one crosses this dynamical singular point, we evaluate the fit parameters slightly above and below ρ = 1.1, following the same fitting procedure. Figure S3 demonstrates the k-dependence of f k , H (1) k , and H (2) k at ρ = 1.0, 1.1, and 1.2. No qualitative difference between the curves for different densities is found, although the results for ρ = 1.2 are slightly smaller than the others. This result is in stark contrast with the case of the short-range attractive colloids for which f k discontinuously changes in the vicinicty of the singular point [6, 9] . Note, however, that the latter is not a generic feature of the dynamical singularity but it is due to the formation of strong bonds of the colloidal particles caused by the short-ranged and strong attractive potential. Acording to the original formulation of the mode-coupling theory, the higher order dynamical singularity is not necessarily acomapnied by the discontinous changes in the critical parameters [4] . Figure S4 shows the self density correlation functions for the large and small particles, Φ s,L (k, t) and Φ s,S (k, t), for ρ = 1.8 and 3.0 for several temperatures. The wavevectors have been chosen to be k = 6.0 and 8.0 for the large and small particles, respectively.
